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Directional Derivative of Deformation Gradient (1/3)

Let u 6= 0 be some arbitrary direction

DF(x)[u] = lim
s→0

F(x+ su)− F(x)

s

Recall that x = Φ(X) and F = ∂x
∂X = ∂Φ(X)

∂X so

F(x+ su) = ∂Φ(Φ−1(x+ su))
∂X

=
∂(x+ su)

∂X
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Directional Derivative of Deformation Gradient (2/3)

Then

DF(x)[u] = lim
s→0

∂(x+su)
∂X − ∂Φ(x)

∂X

s

= lim
s→0

∂x
∂X + s ∂u

∂X − ∂x
∂X

s

=
∂u

∂X
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Directional Derivative of Deformation Gradient (3/3)

Using the chain rule we may rewrite

DF(x)[u] = ∂u

∂X
=
∂u

∂x

∂x

∂X
= (∇u)F

Observe that if u is considered to be a function of X and not x then we write

u0 = u(X)

and then we have
DF(x)[u0] =

∂u0
∂X

= ∇0u0
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Directional Derivative of Green Strain Tensor
By definition we have

E =
1

2

(
FTF− I

)
so

DE(x)[u] = 1

2

(
DF(x)[u]TF+ FT DF(x)[u]

)
=

1

2
FT

(
∂u

∂X

T
+
∂u

∂X

)
F

= FTεF
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Directional Derivative of 2nd Piola Kirchhoff Stress Tensor (1/3)

We know

DS(x)[u] = D (S(E(x))) [u]

From the chain rule we have

DSIJ(x)[u] =
3∑

K=1

3∑
L=1

∂SIJ(x)

∂EKL
DEKL(x)[u]
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Directional Derivative of 2nd Piola Kirchhoff Stress Tensor (2/3)

That is
DS(x)[u] = C(x) : DE(x)[u]

where the fourth order tensor C is given as

C(x) = ∂S(x)

∂E
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Directional Derivative of 2nd Piola Kirchhoff Stress Tensor (3/3)

We know that the partial derivative of the strain energy gives us the stress tensor

S =
∂ψ

∂E
= 2

∂ψ

∂C

So that means
C =

∂S

∂E
=

∂

∂E

(
2
∂ψ

∂C

)
= 2

∂2ψ

∂E∂C
= 4

∂2ψ

∂C∂C

Or in index notation
CIJKL =

4∂2ψ

∂CIJ∂CKL
= CKLIJ
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